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Abstract: Large-time asymptotics are established for the SABR model with 8 = 1,p < 0
and 8 < 1,p = 0. We also compute large-time asymptotics for the CEV model in the large-
time, fixed-strike regime and a new large-time, large-strike regime, and for the uncorrelated
CEV-Heston model. Finally, we translate these results into a large-time estimates for implied
volatility using the recent work of Gao&Lee[GL11] and Tehranchi[Teh09].
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1. Introduction

Large-time asymptotic estimates for call options are particularly useful when the maturity of the
option is such that standard PDE or Monte Carlo methods break down, or as an independent
check for the accuracy of these numerical schemes. We can also glean useful information about the
qualitative behaviour of the implied volatility smile at large maturities, under different modelling
assumptions. For example, exponential Lévy models and stochastic volatility models with an ergodic
volatility process (e.g the CIR process for the Heston model or an Ornstein-Uhlenbeck process) have
the same qualitative behaviour at large maturities- they both exhibit an asymptotic large-maturity
smile, when we work in the so-called large-time, large-strike parametrization (see below for details
and references). For Heston and exponential Lévy models, this smile can be computed in terms of
a Legendre transform of a limiting cumulant generating function. For the usual fized-strike regime,
the implied volatility tends to a non-zero constant which is independent of the strike; this is in
contrast to the CEV and SABR models discussed in this article and in [Fordel0], where the implied
volatility tends to zero in the large-time limit. These results are particularly suited to the realm of
long-dated foreign exchange options and swaptions where liquidity is lower, with maturities of 15
years and beyond. Expiries can extend to 75 years for GBP denominated caps, floors and swaptions.

Using the Gértner-Ellis theorem from large deviations theory, [FJ11] compute the asymptotic
implied volatility smile for the Heston model when k > 0, k > po, in the large-time, large log-
moneyness regime and [FJM10] compute the correction term using saddlepoint methods; the large-
time smile mimicks the large-time smile for the Barndorff-Nielsen NIG model, and [GJ11] show
that the asymptotic smile can actually be computed in closed-form via the SVI parameterization.
[JM12] derive similar results for a displaced Heston model, and relax the aforementioned conditions
on K, p,o. Using a similar approach, [JKRM12] have recently extended the results in [FJ11] to a
general class of affine stochastic volatility models (with jumps), which includes the Heston model
with state-independent jumps, the Bates model with state-dependent jumps and the Barndorff-
Nielsen-Shephard model. Under mild assumptions, they show that the limiting smile necessarily
corresponds to the smile generated by an exponential Lévy model.

In [Fordel0], we compute a closed-form expression for the stock price density under the modified
SABR model (see Islah[Isl09]) with zero correlation, for 8 =1 and 8 < 1, using the known density
for the Brownian exponential functional for p = 0 given in Matsumoto& Yor[MY05], and then
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reversing the order of integration using Fubini’s theorem. We then derived a large-time asymptotic
expansion for the Brownian exponential functional for 4 = 0, and used this to characterize the
large-time behaviour of the stock price distribution for the modified SABR model.

In [FK13], we establish a large-time large deviation principle (LDP) for the re-scaled log stock
price %Xt = %log S; for a general correlated stochastic volatility model: dS; = Syo(Y;)dW}, dY; =
—aYydt+dW¢, dWrdW? = pdt, under a mild sublinear growth condition on o(.). The rate function
(=M (w)*

2v(p)
on p, where I,(.) is the rate function for the occupation measure p; of the OU process Y given

in [DV76]. Using the LDP, we then translate these results into large-time asymptotics for call
options and implied volatility, and we extend our analysis to incorporate stochastic interest rates,
by deriving a similar LDP for a three-factor model with a CIR short rate process. !

is given by I(z) = inf ,cp(w)| + I, (p)] for some linear functionals M (u1), v(u) which depend

In section 2 of this paper, we first define the Brownian exponential functional A,E_” ) with negative
drift —p, and we recall the result in Dufresne[Duf90] that A = limy o Agfﬂ ) is distributed as
one-half the reciprocal of a gamma random variable. In section 3, we combine this result with the
“mixing formula” for correlated stochastic volatility models given in [Wil96],[RT97] to compute
the asymptotic log stock price density and the large-time behaviour of European put options for
the SABR model with g = 1,p < 0. In this case the mixing distribution is just the distribution

of A((,; %). The key observation here is that we can re-write the irksome stochastic integral in the
Willard formula as a linear function of the terminal instantaneous volatility Y;, and we then just use
the fact that the volatility process Y is a driftless geometric Brownian motion, and thus tends to
zero almost surely as ¢ — co. In subsection 3.3, we characterize the tail behaviour of the asymptotic
log stock price density and translate this into large-strike asymptotics for call options and implied
volatility, using results of [Gul09] and [GL11]

In section 4, we adapt the arguments of section 3 for the case when 8 < 1; in this case the
asymptotic stock price density is obtained by integrating the closed-form CEV put option formula
over the distribution of AS;“) where i = /.

In section 5, we first compute call option prices in the large-time, fixed-strike regime under the
standard CEV model dS; = 58? dW; by letting t — oo in the closed-form solution for call options
given in Cox[Cox75] in terms of the complementary non-central chi square distribution function.
We find that the so-called “covered call price”

So —E(S, — K)T =E(S; AK) = Kt~ /281 (1 4 0(1)) (1.1)

for some constant ¢ = ¢(6, 3, Sp), where 3 = 8 — 1 < 0. We then use a result by Tehranchi[Teh09]
(which has been independently proved and extended by Gao&Lee[GL11]) to translate this into a
large-time estimate for the dimensionless implied variance V;(K):

4

5]
where ¢ = ¢/Sp, i.e. the large-time implied volatility tends to zero as ¢ — oo and the leading order
term is independent of K, and the implied variance skew is linear in the log-strike. In subsection
5.3, we derive a large deviation principle for the CEV model in a large-time, large-strike regime.
This shows (as for the Heston and exponential Lévy models) that the smile does not disappear as

t — 0o, but rather it spreads out, and this new parametrization is needed to see the smile effect at
large maturities.

1
Vi(K) logt7410glogt74log(§ﬂ62fy) — 4k +o(1) (t — o)

In section 6, we derive a large-time large deviation principle for the time-average of the Cox-
Ingersoll-Ross process in terms of a Fenchel-Legendre transform, using similar arguments to those
used for the Heston model in [FJ11],[FIM10]. In section 7 we introduce the so-called CEV-Heston

IThe authors would like to thank Jin Feng, Srinivasa Varadhan and M for helpful discussions. The second author
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model as the CEV process evaluated at a CIR time-change in the large-time, large-strike regime,
and establish a joint large deviation principle for the average integrated variance and the terminal
stock price, by first establishing a weak LDP and then proving exponential tightness. Finally, we
prove an LDP for the stock price itself as a simple application of the contraction principle, and we
show that the rate function has a unique minimum at zero.

2. The large-time density of the Brownian exponential for p < 0

In this paper, we let B = {By,t > 0} denote a one-dimensional Brownian motion started at zero
defined on a probability space (2, F,P), and Bt(“) = {B; + ut,t > 0} denote the corresponding
Brownian motion with constant drift p € R. We consider the exponential functional

t
AW = / 2B s,
0

which is the time-integral of geometric Brownian motion. AE_“ ) is closely related to the time-integral

of the instantaneous variance for the SABR and Hull-White stochastic volatility models, and A,g*” )
is also used in pricing arithmetic Asian options under the Black-Scholes model. From section 4
in Matsumoto& Yor[MY05], we have the following double integral representation for the density of
1/(2AE_”)) when pu < 1

F=m (a,t) = 2 o™/ 2t=p?t/2 —a , —(—p+1)/2

Vot

/ 77_“6_”2/ 6_52/(2”6_2*/5’7”8}‘(5)sinh(f)sin(wf/t)dgdn. (2.1)
0 0

Gulisashvili&Stein[GS06],[GS10] have derived sharp tail estimates for A,E_“ ) using saddlepoint meth-
ods.

We make the following assumption throughout:

Assumption 2.1. y > 0.

Under Assumption 2.1, ATH = Tim, AIE*“ ) is finite a.s., and we have the following theorem
from Dufresne[Duf90] (see also [MYO05]):

Theorem 2.2. For p > 0, Ag“) is distributed as Z = (Q'Yu)’l, where v, denotes a gamma random
variable with parameter .

Corollary 2.3. Al(f“) — A((;“) a.s., 8o Agfﬂ) =& Ag“) and the cdf of A((;“) has no atoms; thus
(by the Lemma on page 181 in [Will91]), we have
lim P(A" > a) = P(ACH >a) = P(Z >a).

t—o00

The density of v, is the usual Gamma density

P(y, € dz) = zh e % dy x> 0),
and from this we obtain the density of A" as
1 1,1 1
= —P(AGH €da) = —— ()P te /20— 0). 2.2
fla) = gRAGH € da) = s (G le s (a>0) (22)
From the time-scaling property of Brownian motion we see that
¢ (law) [* 1 o’ 1 )
/ e2e(Bomns)gs * 2 / e2Bazs—ans)gg — —2/ X Bu—nu/e) gy — 7145;2,’;) ) (2.3)
0 0 a” Jo o

where

io= nla. (2.4)
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3. The SABR model for 8 =1,p <0

From here on, we work on a model (€2, F, P) throughout, with a filtration (F;):>o supporting two
Brownian motions, and satisfying the usual conditions.

We now consider the well known SABR model with 8 = 1 and correlation p <0, |p| < 1 defined
by the following stochastic differential equations

{ dS:y = SiYedWy, (3.1)

dY; = aY,dB;,

where dWidB; = pdt and a > 0. It will be convenient to re-write the model in terms of the log
stock price X; = log S; and two independent Brownian motions B and W as follows:

dX; = —3Y?2dt + Yi(pdW, + pdBy),
dY, = aY,dB;,

where dW;dB; = 0 and p = y/1 — p2. The correlation p has to be non-positive to ensure that (S;)
is a martingale (see e.g. Jourdain[Jour04]).

Noting that Y; = yoe*®*~29) and using (2.3), we see that
"o o (1 sa(Bi-tas) ;. (aw) o (—1)
T, = / Yzids = yo/ e2eBemzas) gy "2V o Al (3.2)
0 0

where

o = Yo/a. (3.3)

3.1. Asymptotic behaviour of the log stock price density

The following theorem characterizes the behaviour of the asymptotic log return density in the
large-time limit for the SABR model with § =1, p < 0 (see also the left plot in Figure 1).

Proposition 3.1. S, = lim;_, o S} exists a.s., and X, — g = log Ss—f has density
( V(@ +23p0+(p*+0%)0?)
1

277
: (3.4)
27 p\/22 + 2zpo + (p? + p2)o>

Po(z) = oe—(@+p0)/(25%)

where K, (x) is the modified Bessel function of the second kind.

Proof. Sy = eXt is a non-negative supermartingale, so S., = lim;_,, Sy exists a.s. (see e.g. Problem
3.16 in [KS91]). Moreover, we can re-write the log return X; — o as

1 t t
Xi—wo = —§E+p/nnﬂi+ﬁ/qﬁﬂm-
0 0

For the SABR model here, we can re-write the stochastic integral term as fot Y.dB, = é(Yf — Yo)-
Using this and conditioning on (Y;;0 < s < t) we have

E(eiG(thXo)) — E(eie(féTt+th;yo+ﬁfot stWs))

1 -
2

_ R(e 3T 450y

But Y is a driftless geometric Brownian motion, so ¥; — 0 a.s. as t — oo. Thus (because
Xoo = limy o log g—; = log %—f exists a.s.) we have (by the dominated convergence theorem)

: i0(Xi—20)\ _ i0(X oo —0) _ i0(— 1 Toe —po)—15%60° T
tliglo E(e ) E(e ) E(e*”' ™2 2 )
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where o = £ as before. Thus X, — (aw) _ %Too —po+p\V/Too Z where Z ~ N(0,1) is a Normal

random variable independent of T.
B (z+30%a+tpa)?

From (3.2) we know that T, = 02A . Let po(z) = e 277" denote the density of
\/2mp2o2a
—10% — po+ pVo2tZ at t = a. Then

Poolz) = / " pa(@)f(a)da,

where f(a) is defined in (2.2). Evaluating the last integral explicitly in e.g. Mathematica, we arrive
at the closed-form expression in (3.4). O

Remark 3.2. X; — X a.5. s0 X; — X, and the distribution of Xoo has no atoms, so we also
have

lim P(X; >2) = P(Xe >1x) (3.5)

t—o0

for all x € R.

3.2. Asymptotic behaviour of put option prices

The following theorem characterizes the behaviour of put option prices in the large-maturity limit
for the SABR model with =1, p <0 (see also the right plot in Figure 1).

Theorem 3.3. Then we have the following large-time behaviour for put options under the SABR
model with B =1, p <0:

.1 1
Pulk) o= Jim E(K—5) = L E(K - 50"
K
= E(PBS(e 2/ Te—5% ¢k 1, 52T.)) < o (36)
0
where K = Spe* and PPS(S,K,0,7) = K@C(log;%) - S@C( o8 K+ o 2ERT29 1Y s the usual Black-
C1el
Scholes put option formula with zero interest rates, ®(z) = [*_ ¢ ;ﬂ dz and ®¢(z) =1 — ®(x).
Proof. From the mixing formula in [Wil96],[RT97] we have
E(K — S,)* = E(PBS(Sge— 2" Tetr o YodB: [0 1 52T))) (3.7)
so we can re-write (3.7) as
(K St) (PBS(S e p2Tt+£(Yt7y0)7K7 1”52Tt)) . (38)

Now, letting ¢ — oo and using the bounded convergence theorem, we obtain the first and second
equalities in (3.6).

From the known density of X, — ¢ given in Theorem 3.1 , we know that P(So = 0) = 0, thus
E(K — Sx)t < K. O

Remark 3.4. The trick of re-writing the stochastic integral here is only useful if the drift of the Y
. . . . t t 2
process is zero, or else we are left with an expression containing both fo Y.ds and fo YZds.
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3.3. Tail behaviour of the asymptotic density and the dimensionless implied volatility

Corollary 3.5. Using the asymptotic relation K, (x) ~ \/9-¢~% as x — 0o, we have the following
tail behaviour for peo(x)

ola|~ -
Do) ~ { 2 (z = —o0), (3.9)

Nl

702; efpo'/ﬁQ 67$/52 (x — OO) ,
where poo is defined in (3.1), so we see that poo () has power decay in the left tail and exponential
decay in the right tail.

_3 _ _
Remark 3.6. p.(z) = 222> e=po /P g=/p’ [1+0(1)] as © — co. From this and a repeated appli-

- 27

cation of Lemma 5.11 in [Gul09], we can easily show that
1
S—Coo(k;) = p*eFpoc(k)[1 4 0(1)] (k = 00), (3.10)
0

where Coo (k) = limy_, o0 E(Sy — Soek) T is the price of a call option with log-moneyness k as t — oo.
Using Corollary 6.3 in GaoéLee[GL11], we can then translate this into the following large-strike
behaviour for the dimensionless Black-Scholes implied volatility \/V :

4mL B log L .
Taap® W = oG o eI

where L = logm and G_(k,u) = V2 [Vu+k — VE|.

|G_(k,L —log

3.4. Limaiting behaviour of the implied volatility

Recall that P(So = 0) = 0, and thus E(K — So)™ < K, and this is also true for any model
for which P(S, = 0) < 1. This means that the asymptotic implied variance (i.e. the solution to
P (k) = PB3(1,€*,1,V.(k))) is a finite constant.

To analyze the limiting behaviour of the implied variance, let V;(k) = 64(k)?*t denote the Black-
Scholes implied variance at finite maturity ¢, where 64(k) is the implied volatility at log-moneyness
k. Then using Theorem 3.3 and using the differentiability of the Black-Scholes put option formula
as a function of the volatility, we easily show that

Vi(k) / Voo (k) (3.12)

as t — oo, which implies that &,(k) ~ \/Vao(k)t~2 as t — oo, i.e. for a fixed strike, the implied
volatility for the SABR model tends to zero in the large-time limit.

3.5. Large-time asymptotics for a more general class of stochastic volatility models

We have the following partial generalization of Proposition 3.1:

Proposition 3.7. Consider the the following more general stochastic volatility model

{ dSt = StO'(Y;g)th,

dY; = ac(Y;)dB,, (3.13)

with AWydBy = pdt and assume that sy < o(y) < Ky for some K > 0. Then Se = limy_.o0 S

erists a.s., and Xoo — g = log %: has characteristic function
E(e?Xe—0)) = E(ew(—%fo@—p;)—%p%%x)

where Too = fg o(Ys)?ds < 00 a.s., i.e. Xoo — T has a Gaussian mizture density.

Proof. Follows from the same argument used in the proof of Proposition 3.1. O
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F1G 1. Here we have plotted the asymptotic log return density poo(x) given in (3.4) and the asymptotic dimensionless
implied volatility \/Voo (k) for the SABR model with o = yo/a=.1,8=1 and p =0 (blue) and p = —.4 (grey).

4. The general SABR model for 3 <1, p=0

The constant elasticity of variance(CEV) diffusion process of Cox[Cox75] is defined by the SDE
dS; = 657 dw, (4.1)

with 8 € (0,1), § > 0, Sp > 0. The origin is an exit boundary for 8 € (%, 1), and a regular boundary
for g < %, which we specify as absorbing to ensure that (S;) is a martingale. Infinity is a natural,
non-attracting boundary. The transition density for the CEV process is given by

S;P5-8
52532t

Sy 2P + 5728
26252t

§-25-45p
82|plt
where =5-1<0,v = ﬁ, and I,(.) is the modified Bessel function of the first kind (see

Davydov&Linetsky[DavLin01]).

p(t, So,5) = ) (8 >0), (4.2)

xp(—

)L (

Now consider a mild generalization of the standard SABR model for 5 < 1,p = 0, defined by
the stochastic differential equations

(4.3)

dS; = SPY,dW,
dY; = bY,dt + aY,dB,

with dWdB; = 0, Yy = yo > 0. The model is general in the sense that b can take any value less
than or equal to %oﬂ; b= %az is the critical drift value where the model becomes the modified
SABR model, which is qualitatively very different and discussed at length in [Fordel0]. The case

[ < 1 is most relevant to interest rates markets.
For the model in (4.3), using (3.2) we have that

(law) (law)

Jevzds = X b (4.4)

2
o2A
a?t

Sy

where X; is a CEV process dX; = (5Xtﬁth with § = 1 and independent of Y, with Xy = Sy and o
defined as in (3.3).

The following theorem characterizes the behaviour of put option prices in the large-maturity
limit for the SABR model with 8 < 1,p = 0 (see also Figure 3).

Proposition 4.1. Let T,, = azAégm as before, where [i is defined in (2.4). Then we have the
following large-time behaviour for put options under the SABR model with 8 <1, p=0:

Poo(K) = lim E(K — S)tT = E(K - Sx)t
= E(PY™V(S),K,Tw:6,5)) < K, (4.5)
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FI1G 2. Here we have plotted the asymptotic dimensionless implied volatility \/ Voo (k) for the standard SABR model
(i.e. b=0) with So =1L,yo=1,a=1,0 = .2, = .5.

with § = 1, where PRV (Sy, K, 730, B) is the price of a put option of strike K and maturity T under
the standard CEV model.

Proof. The proof just follows from the dominated convergence theorem and conditioning on the
independent T . O

Remark 4.2. The original SABR model in [HKLW02] was written in the form dFy = 6FtBYtth
for a forward price process Fy = Spe"=DT=1) - our results can be trivially adjusted to deal with non-
zero (constant) interest rate v and dividend rate q by including a discount factor e~ and replacing
St by Fy (note that implied volatility is unaffected by r and q for the SABR model in this form).
For a modified SABR model of the form dS; = Si(r — q)dt + 5Y}S§th, the time-change argument
used in Proposition 4.1 only works if r = q, otherwise S becomes a time-inhomogenous diffusion
once we condition on the Y process.

Remark 4.3. P°EV(Sy, K, 7:6,8) admits a closed-form formula, which is obtained just by com-
bining the corresponding call option formula in (5.2) and the put-call parity. In this case, there is
a non-zero probability of absorption at S = 0 (see subsection 4.1 for an explicit computation of this
probability).

Remark 4.4. Similar to (3.12), we can easily show that
Vi(K) N Veo(K) < 0o (t = 00),

where Vi(K) is the dimensionless implied variance at strike K, and Vo (K) is the dimensionless
implied variance associated with the asymptotic put price Pso(K), which is the unique solution to
P (K) = PB5(Sy, K, 1,V (K)).

4.1. Probability of eventual absorption at zero for 3 < 1

For the standard CEV model in (4.1), from e.g. page 312 in Lewis[Lew00], we have the following
well known expression for the probability of absorption at S = 0 by time ¢

v 15,7
P(S;=0) = G(5,%= 4.6
=0 = 6. 2% (4.6)
where v = 1/|8| and G(v,z) = F(lu) f;o t*~le~tdt is the complementary incomplete Gamma func-

tion.
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Remark 4.5. Substituting the asymptotic relation 1 — G(v,z) = x”ﬁ(l + O(x)) (see page 260
in [AS72]) as x — 0 into (4.6), we obtain

1 qg—28 1¢-28
v 557 35 1 2

P(S;>0) = 1- G(§> (525%) ~ ( 5232 )%I‘(%Jrl) B

(t—o00), (4.7)

so we see that the probability of not hitting zero has power decay as t — oo.

The probability of eventual absorption for the uncorrelated general SABR model is then obtained
by integrating P(S; = 0) with ¢ = yo/a over the density of AGH as

YP(ACH € da). (4.8)

00 1¢—28
_ _ v 25
P(Se =0) = /0 Gy 3,

It may be possible to simplify this expression further, but for the sake of brevity we defer the
details for future work.

5. The CEV model

In this section we characterize the large-time asymptotic behaviour of the CEV model defined in
(4.1). The CEV model has been actively used in interest rates markets before the adoption of the
SABR model.

5.1. Call option asymptotics for the large-time, fized-strike regime

Proposition 5.1. Let v = 1/|5| as before. Then we have the following large-time behaviour for call
options under the standard CEV model in (4.1)

So—E(S; — K)T =E(S; AK) = cKt™% (14 0(1)) (t = 0), (5.1)

where ~
11,5
r(1+72) 5 6232 )

Remark 5.2. From (5.1) and (4.7) we see that P(S; > 0) ~ +E(S; A K) as t — cc.

R

626(67&‘90) =

Proof. From page 7 in [DavLin01] we have
E(S: — K)* = SoQ(yo;n,¢) — K(1 = Q(¢in — 2,90)) (5.2)

where n =2+ 1/|8|, ¢ = 5'0_25/526275, Yo = K_QB/5252t and Q(z;u,v) is the complementary non-
central chi-square distribution function with u degrees of freedom and non-centrality parameter
v.

From Appendix A (see also Eq 26.4.6 on page 941 in [AS72] for the case v = 0) we have
1—Q(e;u,ev) ~ =1 (5€)*/? as e \, 0, Applying this to (5.2) as t — oo we obtain

I(zutl)
E(S; — K)" = SoQ(yoin,¢) — K(1—Q(¢:in —2,50))
= So[l- (%yo)”/2 F(%nlﬂ)] (1+0(1)) - K(%C)("‘z)/2 rém(l +o(1)

The rightmost term dominates the middle term as ¢ — oo, and (5.1) follows. O
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5.2. Implied volatility

Corollary 5.3. We have the following large-time behaviour for the dimensionless implied variance
Vi(K) at strike K

Vi(K) = 8L—4logL + 4k —4logm+ o(1)
4 1
= ﬁ logt — 4loglogt — 4log(§7762'y) — 4k +0(1) (5.3)
as t — oo, where k = log S£07 L =log A o Cy=1- (St K)t,e= SLO and ¢,7y are defined in
Proposition 5.1.
Proof. See Appendix B. O

Remark 5.4. From (5.3), we see that the leading order term is independent of K and depends only
on B. The higher order —4k term gives the implied variance skew, which is linear in log-strike as
t — 00; to see the convexity effect, we have to work in the large- tz’me large stm’ke regime discussed
in the next section. Note that the implied volatility 6+(K) = \/Vi(K log and thus tends
to zero as t — oo.

Remark 5.5. The relative error of the approximation in (5.3) is O(logt) s0 convergence is slower
than O(t™P) for any p > 0. Corollary 7.9 of the recent preprint by Gao€Lee[GL11] states that the
error in (5.3) is actually O(logL), and they also give a higher order expansion for Vi;(K). However,
given the logt error terms that appear in all the aforementioned implied volatility approzimations for
the CEV model, in practice it is far more efficient to work directly with the call option asymptotics
in (5.1) (see Figure 3).

5.3. The Large-time, large-strike regime

We now consider a large-time, large-strike regime where the strike scales as Kt!/ Bl as t — 00, which
is mathematically more interesting and is also the correct parametrization to use if we want to see
the full smile effect at large maturities.

Proposition 5.6. Let v = 1/|3| as before. Then for the CEV model in (4.1), (S;/t7) satisfies the
large deviation principle on [0,00) as t — oo with continuous rate function

K218l

Icev(K) =

Proof. From (4.2), we have the following large-time behaviour for S;

1 K28l
Icpv(K) = —lim lim —logP(|S; — Kt7| <€) =

e—0t—oo t 25252 (K > 0)’ (54)

which establishes the weak large deviation principle (see e. g [DZ98] for a definition). We can
establish exponential tightness by using the fact that R; = S 7 is a Bessel process of order v

killed at the origin (see section 4 in Linetsky[Lin04]), and then bounding the tail cdf by the tail
cdf for the usual reflecting Bessel process which can be obtained from the transition density given
in chapter XI of Revuz&Yor[RY99], to show that for the all @ > 0, there exists an K, such that
limsup,_,, +logP(S;/t” > K,) < —a. O

Corollary 5.7. We have the following large-time behaviour for the distribution function of Sy
1
tli)IIOIO ; IOgP(St > Kt'y) = ICE\/(K) .

Proof. The proof just follows from the continuity and monotonicity of Icgy (K). O
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Fic 3. Here we have plotted the true value of So —E(St — K)T =E(S¢ A K) as a function of K for the CEV model
(in grey) against the large-time approzimation given in (5.1) (blue) for t = 30 years (left) and t = 100 years (right),
and So = 1,6 = 1,8 = .5. In the third plot, we have plotted the true implied volatility (grey) verse the large-time
approzimation in (5.1) (blue) for Sop = 1,8 = 1,8 = .5 for t = 2000000. The approzimation does not perform as well
as the large-time call approzimation for the reason given in Remark 5.5, which is why we have chosen such a large
t-value here.
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F1G 4. Here we have plotted the rate function Icir(a) using a numerical root finding scheme in Mathematica, for
k=1.15,0 = .04,0 = 0.2. IcIr attains its unique minimum of zero at a = 6.

Remark 5.8. Kt7 — 0o as t — 00, so this is a large-time, large-strike regime for the CEV model,
similar to the large-time, large-strike regime for the Heston and exponential Lévy models discussed
in [FLF11],[FJ11].

Remark 5.9. Icpy(K) is concave for 8 € (3,1), convex for B € (0,%) and linear for g = .

6. The Cox-Ingersoll-Ross process

Let Y denote a Cox-Ingersoll-Ross (CIR) square root process defined by the stochastic differential

equation
dY; = k(0 — Y;)dt 4+ 0\/Y; dW}? (6.1)

where W72 is standard Brownian motion, Yy = yo > 0, &, 0, y0,0 > 0 and 2x6 > o2, which ensures
that Y = 0 is an unattainable boundary. The CIR process is used to model the instantaneous
volatility process for the well known Heston stochastic volatility model.

The following proposition establishes a large-time large deviation principle and a refined saddle-
. . . 1 rt
point density estimate for A, = ¢ [) Yids.

Proposition 6.1. Consider the CIR process Y in (6.1). Then A; satisfies a large-time large devi-
ation principle with good rate function given by the Fenchel-Legendre transform of A

lom(a) = sup{pa—AQp)} = 0 (6:2)

defined as
52k — VK2 = 20%p], for p € (o0, p4]

Ap) = flim %log E(epfot Yeds)
o o0, fOT’p ¢ (—OO,p.;.],

where py = % Clearly Icir attains its minimum value of zero at a = 6.

Proof. Just follows from the Géartner-Ellis theorem from large deviations theory, using a very similar
argument to Theorem 2.1 in Forde&Jacquier[FJ11]. O
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7. The CEV-Heston model

Combining the CEV model with a CIR time-change, we can define the uncorrelated CEV-Heston
model, governed by the following stochastic differential equations

dS, = SP\/YidWw}
dY, = k(0 — Y;)dt + o /Y, dW}?

with dWdW? = 0, Yy = yo > 0. Equivalently, by conditioning on fot Ysds and using the indepen-
dence of the Brownian motions, we can write S; = X Ji Yads: where X is now just the standard CEV
process dX; = 5Xtﬁ dW,; with 6 = 1. The standard Heston model corresponding to g = 1 is widely
used in FX markets. The § paramater can give a market implied estimate of the default probability
for a stock (the probability of hitting zero and staying there) which can then be compared with im-
plied probabilities in CDS markets. This has an interesting practical application for trading equities
versus credit, particularly in long dated contracts, and is known as capital structure arbitrage.

7.1. The large-time, large-strike regime
We now consider the large-time, large-strike regime for the CEV-Heston model, which was previ-
ously discussed for the standard CEV model in subsection 5.3.

Proposition 7.1. (S./t7, A) satisfies a joint large deviation principle (LDP) on [0,00) x (0, 00)
as t — oo, with good rate function

K
I(K,a) = aICEV((;T'y) + Icr(a)

with § = 1.
Proof. See Appendix C. O
From Proposition 7.1 we obtain the following:

Proposition 7.2. (S;/tY) satisfies the LDP on [0,00) as t — oo with a good rate function given by

K

. K
Icpvu(K) = ael(l(}fw) [aICEV(aj) + Icir(a)] < Olcev(

and the infimum of I is attained uniquely at K = 0, where I(K) = 0.

Proof. The LDP just follows from the contraction principle. Setting a = 6 and using that Icir(0) =
0, we see that Icgyvu(0) = 0. Moreover, for any K > 0, we cannot find an a € (0,00) which
simultaneously makes aICEV(%) and Icmr(a) vanish, so K = 0 is the unique minimizer. The upper
bound for Icgyvu(K) just follows from setting a = 6. O

Remark 7.3. [t should be possible to translate Propositions 5.6 and 7.2 into asymptotics for call
options and implied volatility in the large time, large-strike regime; for the sake of brevity and the
fact that this regime is less relevant in practice, we defer the details for future work.
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F1G 5. Here we have plotted the rate function Icgv(K) for the CEV model in the large-time, large-strike regime for
6 =.2,8=.7,5 =1 on the left, and the rate function Icgvu(K) for the CEV-Heston model in the large-time,
large-strike regime, for § = 1,8 =.7,50 =1 and k = 1.15,0 = .04,0 = 0.2 on the right. For both models, I attains
its unique minimum of zero at a = 6.
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Appendix A: Left tail asymptotics for the non-central chi-square distribution

The probability density function of a noncentral chi-square distribution is

flarue) = 5o ERIREWA L (o)

v

for x > 0, and the corresponding dlstrlbutlon function is 1 — Q(x; u, v) fo x; u,v)dz. From this,
using the asymptotic result that I,(z) ~ F(V ) (32)” as z — 0, we have the asymptotic behaviour

‘1,
1 - Qeu,er) = / sem@real2(Dytusdy, L (Vev)da
0 2 €V 2

~ (%)Eu /ee 2Tz lgy
F(%U) 0
(%)%u /e .
~ 14+ o0(1))z2"“ "dx
1 1 1 1 1 1 2
~ — (=€)2% = —e)2 A-1
Mo To 29" = sy @9 (A-1)

as € — 0.

Appendix B: Proof of Corollary 5.3

Let V = V4(K) denote the implied variance at strike K. Then from Theorem 3 in Tehranchi[Teh09]
or Corollary 7.9 in Gao&Lee[GL11], we have

|8L — 4log L + 4k — 4logm — Vi(k)| = o(1),
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where L = log &7 where C, =1 — S%E(St - K)T =E(S; AK).

For the CEV model, Cy = Kt~ 2 (1 + o(1)) as t — oo, so L = —log[eKt~ % (1 + o(1))] =
7 logt —log ¢K + o(1), so we have
V = 8L—4logL+4logk —4logm + o(1)

= 8[% logt —logeK + o(1)] — 4log[% logt —log cK + o(1)] + 4k — 4log m + o(1) ,
= 4ylogt —8logcK — 410g[% logt(1+o0(1))] + 4k —4logm + o(1),
K
= 4710gt—410g10gt—810gEK—410g%+4logs——410g7r+0(1)
0

= dylogt —4loglogt — 810g67410g% — 4k —4logm + o(1). (A-1)

Appendix C: Proof of Proposition 7.1

law)

Let Zy = S /t7. We first note that (Z;, A;) (lav (Xia,/t7, Ar), where X is a standard CEV process
dX, = 5XtB dW}. We first note that

)
P(|Z; — K| < —=,|As —a| <
(12~ K| < 5140~ al

IN

\%) P(\/|Z; — K2 + |A; — al?2 < )

IA

P(|Zt—K|<5,|At—a|<5)

By Proposition 5.6, we know that X;/t7 satisfies the LDP as ¢ — oo with rate function Icgy (K).
From this we see that

1 a K

- 8! — lim & v s

th_{rolo . log P(X4,/tY > K) th_)rgo " log P(X,, /u” > cﬂ)
= aICEv(*m),

and X;,/t" satisfies the LDP as t — oo with rate function aICEV(C%).

Thus for any € > 0, conditioning on A; and using the LDP for A; and the LDP for X;,/t7, there
exists a t = t*(¢, ) such that for all ¢ > t* we have

P(|Z; — K| < 6,|4; —al <6) = P(Z;— K| <6 ||A; —a|] <) P(|A; — al <)
. Yy
< —t[— f —0)1 —_—
< exp{—t] e+y€g§(m(a )CEV((G+6)7)]}
- exp{—t[—e+ Einf(é) Icir(a1)]}- (A-1)
From this we obtain
1
i —logP(|Z; — K A, — < — inf — )1 —=—)— inf I
ut[gigpt ogP(|Z: | <814 —al <9) < yeg;(x)(a 9) CEV((aJré)v) alelga(é) om(a1),

and by the continuity of I¢ir(a) we obtain

1 K
lim limsup ~ logP(|1Z; — K| < 0,|A; — a| < §) < —[alcev(—=) + Icir(a)] .
=0 t—oo L a”

But alcev(£) and Icir(a) are both good rate functions in K and a respectively, and Xyq/t”
(for a fixed) and A; both satisfy the full LDP, so for all & > 0 there exists R(), min(®), Gmax ()
such that

timsup © 1og P((Z, A7) ¢ ([0, B] * i, tmas])*)

t—o0

IN

lim sup % log [P(Z; ¢ [0, R]) 4+ P(A; € [amin, Gmax])°]

t—o0

IN

1
lim sup 7 log 2[IP’(Zt ¢ [0,R]) VP(A4; € [amin,amax])c]

t—o0

S _I(R) A (ICIR(amin) A ICIR(amaX)) S —«

so (Zy, At) is exponentially tight; hence (Z;, A;) satisfies the full LDP and the rate function is good.



